AMBIGUITY

Definition 1. For a language L over X, define
suff(L) = {pe St Fue L:upe L}
pref(L)={peXT|Fv e L:pv e L}

Note that suff(L) and pref(L) do not contain e. Note also that we only take
prefixes and suffixes that can be expanded to a word in L with another word in L,
not any word in X*.

The set suff(L) is identical to the left quotient L=1L of L by itself. Similarly,
pref(L) = LL~!.

Definition 2. Two languages L, and Ly are unambiguosuly concatenable, written
L Lo, iff for every ui,v1 € L1 and us,vs € Lo, if ujus = vivs then uy = vy and
Ug = V9.

Lemma 1. The languages L1 and Lo are unambiguously concatenable if and only
if suff (L1) N pref(Ly) = 0.
Proof. Let Ly and L, not unambiguously concatenable, i.e. there exist uy, vy in Ly
and ug, vg in Ly such that ujus = v1ve and u; # v1 and therefore us # vo. Assume
uy is strictly shorter than vy, therefore v; = u1p,p # €. With that vive = uipvs
and us = pvg and p € suff (L) N pref(Ls)

Let p € suff(L1) Npref(Ly). That implies that there are w € Ly and v € Ly such
that up € Ly and pv € Ls. The word upv can be split as up - v and as u - pv and
therefore L, and Ly are not unambiguously concatenable. O

To ease notation we write L\, for L\ {€}.

Definition 3. A language L is unambiguously iterable, written L**, iff for every
ULy e ooy Umy V1, ooy Uy € Ine With Uy U = 01+ vy, m =n and u; = v;.

It is very important that we exclude € in the definition of unambiguous iteration,
since otherwise any language L that contains € is trivially not ambiguously iterable,
even though that presents no problems for our purposes, since we never split € into
more than one word.

Lemma 2. The language L is unambiguously iterable if and only if L\, and L*\.
are unambiguously concatenable.

Proof. Let L be unambiguously iterable, and assume that there is u1v; = ugvs with
u; € L. and v; € L™\, and u; # uz. This contradicts L' since L\.-L*\.C L".
Let L\g-!L*\6 and assume there are w1, ..., U, V1, .-, Vn € Lne With ug -+ up =
vy -+ Uy, but there is an i < min(m,n) with u; # v;. We can assume that u; # v,
and therefore min(m,n) > 2. Since u; and v; are in L., we have an ambiguous
split of a word from L\, - L*\, contradicting the initial assumption. ([l

Example. Using regular expression notation, the language L = (a|b|c|abc) is un-
ambiguously concatenable with itself, but not unambiguosly iterable. L* = (a|b|c)*
and the word abcabe can be split into abe - abe and a - beabe. This example shows
that L-' L does not imply L'*, but as the previous lemma showed, L\, A L*\, does.

If you have P = suff(L;) N pref(Lsy), how do you generate a word that is am-
biguous ?

Lif u; = v1, we simply use ug - - - um and va - - - vy, for this argument
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